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1 Introduction 

Equivariant intersection theory is similar to Borel's equivariant cohomology. The common basic idea 
is simple. Let X be an algebraic scheme over a field k and let G be an algebraic group acting on X. 
Since invariant cycles are often too few to get a full-fledged intersection theory (e.g. to have a ring 
structure in smooth cases) we decide to enlarge this class to include invariant cycles not only on X 
but on X X V where V is any linear representation of G. If fc = C, equivariant cohomology. can be 
deflned along these lines and this deflnition agrees with the usual one given using the classifying space 
of G. 

In particular, we get a non trivial equivariant intersection theory Aq — A^(pt) on pt — Speck 
which can be interpreted naturally as an intersection theory on the classifying stack of the group in the 
same way as equivariant cohomology of a point is naturally viewed as cohomology of the classifying 
space of the group. 

Equivariant intersection theory (in the sense sketched above) was first defined by Totaro in Jro2| fo r 
X — Speck and then extended to general X by Edidin and Graham in [EGl]. Totaro himself ( To2|) 
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and Pandharipande ([Pal|, [^aj) computed Aq in many interesting cases, for example G ~ GLn, 
SLn (these two cases are trivial), 0(n), SO{2n + 1) and SO{A). 

Moreover, Totaro (^l), p^ ) was able to define a remarkable refining of the classical cycle map 
from the Chow ring to the cohomology ring. In particular, he proved that for any complex algebraic 
group G, the equivariant version of the cycle class map cIg : H* (BG, Z), factors as 



A*r 



cIg 



MU* (BG) ®MU' 7.~^H* (BG, Z) 



where MU* (BG) is the complex cobordism of the classifying space of G, 

MU* [pt) = MU* = Z [xi, ^2, xg, . . .] 

where dega;^ — —2i and Z is viewed as a M[/*-module via the map sending each Xi to zero. He 
conjectured that, if MU* (BG) ®mu* Z is concentrated in even degrees, then clg is an isomorphism. 
The case G = PGLn is of particular interest. One reason is its connection with Brauer-Severi 



varieties, whose Chow groups are quite mysterious (see [ Kal and [ Ka2 for some results on codimension 
2 cycles). Also, many parameter spaces of interest are quotients of free actions of PGLn, so the 
calculation of ^pgl„ would be a necessary first step to determine the Chow ring of some of these 
spaces. 

Unfortunately, the ring A*pQ^^ for general n seems extremely difficult to compute. It is a general 
principle that among all families of classical groups the series PGLn is often the hardest to study. 
Thus, for example, while the cohomology and the complex cobordism ring of most classical groups have 
been determined, very little is known about the torsion part in the cohomology of the classifying space 
of PGLn for n > A. Of course, given how much harder than cohomology the Chow ring usually is, this 
is not encouraging. On the other hand, the cohomology with Z/3 coefficients of the classifying space 
of PGL3, as well as its Brown- Peter son cohomology (relative to t he p rime 3) have been computed by 
Kono, Mimura and Shimada (|KM5]) and by Kono and Yagita ( jKYp . 

The ring A*pQj^^ was first computed by Pandharipande (| |Pal| ) through the isomorphism PGL2 — 
SO (3). Pandharipande's method docs not seem to extend to PGL^. 

In this paper we study ApQj^ . Our approach is completely different. The idea is that the adjoint 
representation sl„ of PGLn can be stratified, using Jordan canonical form, in such a way that the 
equivariant Chow ring of each stratum is amenable to study. This determines completely A*pQ]^^ 
([Ve|) and works fairly well for n — 3 yielding generators of A*pQ^ . In principle this method could 
give generators for A*pQ^ for any n, but the calculations become extremely involved as n grows. 
Moreover, as usual, the stratification method is not very good for finding the relations. In the case 
n = 3, using also a recent general result by Totaro (Th. 2.1), we find some of the relations in section 



5, but unfortunately we are not able to prove that our relations are sufficient. 

We also prove some properties of the cycle map and of Totaro's refined cycle map. In particular, 
we are able to prove that A*pQ^ , unlike A*pQ^^, is not generated by Chern classes of repr esentations , 



a result c onjec t ured b y Totaro in |To2| . We have two proofs of this fact, one (Th. O), relying on 
results of jKMSj , [ |cy| , carries more informations on the cycle and refined cycle maps while the 

other (Appendix) is self-contained not depending on cohomological arguments. 
Most of the results in this paper constitute the core of |Ve]. 



Now we state the main results of this work in more detail. 

It is already clear "rationally", that Chern classes of the adjoint representation alone do not 
generate A*pQ^^. So, if E is the standard representation of GL3, we also consider Sym^E, the PGL^- 
representation defined by 

[g] ■ {vi ■ V2 ■ V3) = detg^^ {gvi ■ gv2 ■ gvs) . 
We prove the following (Theorem [4.6| ) : 
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Theorem 1.1 There exist elements p and x with degp — 4 and degx = 6, such that A*pQ^ is 
generated by 

{A = 2c2 (slg) - C2 (Sym^E) , cg (Sym^E) , p, x, cg (sla) , cg (slg)} . 

The question of determini ng a ll the relations between this generators is hard. In this direction, we 
can prove the following (Th. 5.1): 

Proposition 1.2 The generators above satisfy 

3p = 3x = 3c8 (sis) = 

= cg (sla) 

3 (27c6 (sla) - C3 {Sym'^Ey - AX^^ = 0. 
Moreover, if R* denotes the ring 

Z [A, C3 (Sym^E) , p, x, ce (sis) , cs (sis)] 
9^ 



where EH is the ideal generated by the relations in Prop. 1.2 and degp — 4, degx — 6, we have 
(Theorem 5.3) 

Theorem 1.3 The composition 

R* A*paL, ^ MU* (BPGLs) ®mu' Z 
is surjective and its kernel is 3-torsion. 

Note that this also proves that the R* [i] ~ ^pgl3 [|]- We also prove that while p is nonzero in 
cohomology, x is zero in cohomology. Thus, by Remark 5.2, we also have cl (x) = 0. Note that if one 
was able to prove that x 7^ then Totaro's conjecture would be false. However, despite many efforts, 
we still do not know whether x is ze ro or not. 

By a result of Kono and Yagita ( |K Y| ) , Totaro's conjecture predicts that cl is actually an isomor- 
phism. We are able to show that the generator p of Theorem is not in th e C hern subringQ of 
^PGL3' proving the following consequence of Totaro's conjecture (Theorem 4.2): 

Theorem 1.4 ApQj^^ is not generated by Chern classes. 

This same result is proved in the Appendix without using cohomology computations. 



Conventions and notations. The word "scheme" will most of the time mean "algebraic scheme 
over a field /c". In section 1, where we try to give some of the results in greater generality, we will 
allow a different base scheme S and the finiteness conditions needed will be properly specified. 



We freely use the functorial point of view for schemes and group schemes (e.g. DG]) to be able 
to express maps, actions etc. as sending "elements to elements". 

If s is a section of a vector bundle, we denote by Z (s) its zero scheme. 

Algebraic groups over a field k will always be linear. If G is an algebraic group over a field k, Tq 
(or simply T if no confusion is possible) denotes a maximal torus of G and Tq its character group. 

If (/9 : G — > is a morphism of algebraic groups over a field k and y is a representation of H, we 
denote by V(<p) or V(g) the obvious associated G-representation. 

^I.e. in the subring generated by Chern classes of representations. 
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If E denotes the standard Gia-representation, Syrrr'E becomes a PGLs-representation via 

[g] ■ [vi ■ V2 ■ V3) = detg~^ (gvi ■ gv2 ■ • 



Acknowledgments. I wish to thank my thesis advisor Angelo Vistoh for his friendship, patience 
and constant attention to this work. 

I also wish to thank Burt Totaro for generous advice and for many iUuminating discussions we had 
in Cambridge. Among other things, he also explained to me the argument in Remark 5.2 and allowed 
me to include his still unpublished result Theorem 2.1. I hope this paper shows all its debts to his 
deep and original work. 



Basic notations and results 



In this section we mainly fix notations and collect some miscellaneous results on equivariant Chow 
groups we will need in the sequel; most of them (with one possible exception) are elementary or well 
known but we simply could not find proper references in the literature. For intersection theory the 



standard refernce is |Fu| while for equivariant intersection theory we refer to [EG1| and |To2| 



2.1 Equivariant intersection theory and Totaro's refined cycle map 

If G be an algebraic group over a field k and X a smooth^ G-scheme. Edidin and Graham (| EG1 |), 
following an idea of Totaro (|To2|), defined a G-equivariant version, Aq (X), of the Chow ring A* {X). 
We will simply write Aq for Aq {Speck). As a rule, if we do not mention explicitly the base field fc, 
we are assuming k — C. 

We say that a pair {U, V), consisting of a fc-representation V oi G and an open subset U of V on 
which G acts freely, is a good pair (or simply a pair) relative to G if the codimension of V\U has 
sufficiently high codimension (see [EG1|, 2.2, Definition-Proposition 1). 

All the basic properties and constructions (Chern classes, localization sequence, proper push- 
forwards, Gysin maps, vector and projective bundle theorems, projection formula, self intersection 
formula, cycle class map, operational Chow groups etc.) of ordinary intersection theory (|Fu]) have 
their equivariant counterparts. Moreover, there are additional constructions one can do in the equiv- 
ariant setting which simply do not exist in the ordinary case, for example those related to morphisms 
of algebraic groups. If 

ip:G — >G' 

is a morphism of algebraic groups and X a G'-scheme (which we suppose smooth just in order to 
state each result for Chow rings), then A is a G-scheme via cp and if {U, V) (respectively, {U',V')) is 
a good pair relative to G (resp., relative to G'), we let G act on V x V' as 



and the projection 



g ■ {v, v') = {g-v,Tr{g)-v'), geG, ve V, v' G V 



X xU xU' — > X xU' 



induces a fiat map 

{X xUx U') /G — > (A X U') /G' 
Its puUback induces a restriction ring morphism 

Ah' W (A) 

^We restrict our attention to smooth schemes for simplicity. 
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denoted by Lp*x (or by res^, j^- if is injective). Note that the same construction made in the topological 
case, define the functoriality in G of the equivariant cohomology ring Hq {X\ Z) . 

Another construction which appears only in the equivariant setting is the following transfer con- 
struction for Chow groups; we will frequently use it. Let 

l^H ^G — > F 

be an exact sequence of algebraic groups over a field fc, with F finite. If X is an algebraic smooth 
G-scheme then pi : X y. F — > X is proper G-equivariant and there is an equivariant push-forward 

Pi, ■.A':(XxF)^ [X) . 

If ([/, V) is a good pair for G, we have: 

{XxF)xU ^({XxF)xU\ 



G \ H 

XxU 



H )' H ' 

hence Aq (X x i^) ~ {X) and pi* induces a transfer morphism of graded groups 

tsfg,;, : A*H (X) ^ A}, {X) . (2) 

which is natural in X with respect to puUbacks. 

Observe that the puUback A*q {X) A*jj {X) has actually values in the F-invariant subring of 



A*h{X) (|To2|) 



res^^x--Ah {X) ^ {A*^ {X)f . 
In exactly the same way as for group cohomology (e.g. Prop. 9.5), we have 

tsfi^oresf^;, = (#^^)- 

(by projection formula) and, since H is normal in G, 

(res-,otsf-,) =(#F). (3) 



If we do not restrict to {A*^ {X))^ , we get 



resf,^otsfg_^ (0 = ^/4 (4) 



for any ^ in A*^ {X). 



Remar k 2.1 For a general act ion o f G on X, the quotient [X/G] exists only as an Artin stacJ^ 
( lLMl\j ). Edidin and Graham ( \EG1 ], 5.3, Prop. 16, 17) showed that if T is a quotient Artin stack 



T ~ [X/G], then the corresponding equivariant Chow groups do not depend on the presentation chosen 
for the quotient, enabling one to define Aq (X) to be the (integral) Chow group of the stack J- . If 
moreover T is smooth, there is a ring structure on this Chow group and this applies to the classifying 
stack BG of any algebraic group G ( ^MI^ ), viewed as the quotient [pt/G], 

A*a ^ A* (BG) . 



^Not necessarily separated. 
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Theorem 2.1 (Gottlieb; Totaro) Let G be an algebraic group over C, T a maximal torus of G and 
Ng (T) its normalizer in G. The restriction maps 

A*Q > ^jVg(t) (5) 



H* (BG, Z) — > H* {BNg (T) , Z) 



(6) 



are injective. 

Proof. (|) is proved in We sketch the proof of (U) from If f : Y — > B is a smooth 

proper morphism of relative dimension r between smooth, separated schemes of finite type over k, let 
us consider the following "modified" pushforward 

/» («) = /* ° (c. (Tf) ■ a) e A^" (S) 

for any a £ A> (_B), where 7} denotes the relative tangent bundle; by projection formula, we have 

hor^x{F) (7) 

where x [P) denotes the Euler characteristic of " the fiber" of / (equal to the degree of the top Chern 
class of its tangent bundle). Now, \ei g : X B he a, smooth morphism between smooth schemes 
over a field k which admits a smooth relative compactification 



X 



X 

\ i 
B 



having divisors with normal crossing {i'ili^i n ^ complement (smooth over B). If Dij = Di n Dj, 
Dijk == Di n Dj n 13 /j, etc., the previous construction yields modified pushforwards 



fi : A* {X) ^ A* (B) , /, 



(1) 



.A* (A) ^ A* (B) , /, 



(2) 



satisfying (0). If x e A* {X), hft it to some x E A* (X) and set 



i i<j 

(alternating sum) which is an element in A* (B). This can be shown to be independent on the choice 
of the lifting and (0) holds for g by well-known properties of the Euler characteristic. 
To prove (|5.2| ), apply this construction to any approximation of the G /Nq (r)-torsor 

BiVc {T) — > BG 

recalli ng th at x {G/Nq (T)) = 1. Note that this proof works over any algebraically closed field k. ■ 
In I To2 1 , Totaro proved the remarkable fact that, if G is a complex algebraic group, the cycle map 



cl 



BG 



A*r 



H* (BG,Z) 



factors as 

^BG MU* (BG) (^Mu- Z^H* (BG, Z) . (8) 
where MU* (BG) is the complex cobordism ring of BG (|^) and cIbg natural morphism (since 

MU* = MU* (pt) ^Z[xi,X2,...,Xn,...] 
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with degXi ~ — 2i, here Z is viewed as an AfC/*- module via the map sending each generator Xi to 
zero). We call cIbg Totaro's refined cycle map for G. The kernel and cokernel of clg^, cIbg and cIbg 
are torsion. 



In |To2|, Totaro conjectures that if G is a complex algebraic group such that MU* (BG), localized 
at some prime p, is concentrated in even degrees, then the p-localization of cIbg should be an isomor- 
phism. As a consequence of this conjecture, ^pg^j should not be generated by Chern classes since, 
by pCY| , MU* (BPGL3) is concentrated in even degrees but not generated by Chern classes. This 
consequence of Totaro's conjecture will be proved in section 4 (see also the Appendix for a different 
proof). 



Remark 2.2 Voevodsky ( IV^ , HV^ I) defined an algebraic cobordism for an algebraic scheme over an 
arbitrary field k, so it would be interesting to investigate if there exists a generalization of Totaro's 
refined cycle map with values in (a quotient of) algebraic cobordism, for any algebraic group G over k. 
As M. Levine suggested to me, one may also ask more generally if Totaro's refined cycle map extends 
to a map from the entire Voevodsky 's motivic cohomology to algebraic cobordism. 

2.2 Miscellaneous results 

Proposition 2.2 Let k be algebraically closed. The pullback A*pQj^ ® Q — > A*gj^ (x) Q is an 
isomorphism. 



Proof. By PG2[ , Th. 1 (c), 

w 



® Q - Symz (f ) ® Q = (AJ)'^ (g, Q 

for any connected reductive algebraic group G with maximal torus T and Weyl group W and Sym2; 
Q is the same for a group G and a quotient of G by a finite central subgroup. H 

Remark 2.3 Let S be a locally noetherian base scheme. Since Aut (P^) — PGLn+i.s as group- 



w 





functors, for any S (^ |DG| / or ,011 j, p. 20-21), the category of Brauer-Severi schemes (iMy, p. 134) 
of relative dimension n over X for the etale (or fppf) topology is equivalent to that of PGLn+i-torsors 
over X for the same topology and this equivalence actually extends to a 1-isomorphism of BSn.s 
with the classifying stack B {PGLn+i,s) , where BSn,s denotes the stack over S whose fibre category 
over X/S is the category of Brauer-Severi schemes of relative dimension n over X . Under this 1- 
isomorphism trivia^ Brauer-Severi schemes correspond to PGLn+i-torsors induced by GLn+i-torsors. 



Proposition 2.3 Let k be algebraically closed. Then ker(^pQ^ 



A 



SL„ 



is n-torsion. 



Proof. By Prop. 2_^, our kernel is torsion and so it is enough to prove that ker(p* : A 
Aqj^ ^) is annihilated by n, Aqj^ ^ being torsion free. 

By Th. 1.3 or pG^ Th.' 1, for any reductive algebraic group G, Aq can be identified with 

the ring Cq of characteristic classes for (etale) G-torsors over smooth, separated schemes of finite type 
over k. Via this identification p* translates to 



p 














' Pe 


F ^ 


- P*{F) : 1 




i 











I.e. of the form P (E) — > X for some vector bundle E over X. 
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where Pe X is the PGL„^fc-torsor associated to P{E) X , E X being the vector bundle 
associated to the GL„^fe-torsor E ^ X and shghtly abusing notation in the argument of F 

p*F ^ F{P{E) X) = 0, yE -> X vector bundle of rk n. 



Now we use the l-isomorphism of stacks B {PGLn,k) — BSn-i,k (Remark |2.3D . If / : P ^ X is a 
PGin, fc-torsor and f : P ^ X the associated Brauer-Severi scheme, the base change of / via / is a 
PGL„jt-torsor induced by a GL„^fc-torsor. Since x {Pk~^) ~ formula in the proof of Theorem 
O yields 





i ) = o 



(by projection formula) if p*P = 0. H 

Corollary 2.4 A*pQj^^ ^ has only n-torsion. 

We conclude this section collecting some elementary results on equivariant Chow groups we will 
use in the sequel. 



Proposition 2.5 A* ^ ^ ~ Z [t] / (nt). 
Proof. From Kummcr exact sequence 



1 — ^ M,i k ' Gm,fc ^ Gm,k — ^ Ij 



for any > we get a G„j_fc-torsor 



A^^{o} Af+i\{o}_ 

~ — ^k 



l^n,k 



whose associated line bundle is just C'piv(— n). By | Grl |, Remark p. 4-35, we get 

A* 



A^+i\{0}\ A*{P^ 



k 



tJ'n,k 



which implies the assert for » 0. ■ 

Proposition 2.6 IfG is a unipotent algebraic group over a field k of characteristic zero, then Aq ~ Z. 
Proof. Since G is unipotent it has a central composition series 

G ~ Go > Gi > G2 > • • • > Gn — 1 



such that Gi/Gi+i ~ Ga,k (|DG|, IV, § 2, 2.5 (vii)). We proceed by induction on the length n of the 
composition series. 

If n = 1, G ~ Ga^k] if f/ is a G-free open subset of a G-representation such that tt : U ^ U/G is 
a (fppf or etale) G-torsor then tt is a Zariski G-torsor (Ga.fc being special, [Q) and in particular a 
Zariski affine bundle with fiber so that tt* is an isomorphism (|Grl|, p. 4-35). 

Suppose the assert true for any unipotent group whose central composition series has length < n. 
If G is unipotent with a central decomposition series 

G = Go > Gi > G2 > • • • > G„-|-i — 1 
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then Gi is unipotent (|DG|; IV, § 2, 2.3) and we have a short exact sequence 

1 ^ Gi — > G — > G/Gi ~ Ga,k ^ 1- 
Therefore, if f7 is a G-free open subset of a G-representation which has a G-torsor quotient U ^ U /G, 

U/Gi U/G 

is a G/Gi ~ j,-torsor. As in case n = 1, the puUback is an isomorphism Aq ~ Aq and we 
conclude since Gi has a central decomposition series of length n. M 

Proposition 2.7 Let 

l^H^G^ G„ ^ 1 (9) 

cr 

be a split exact sequence of algebraic groups over a field k of characteristic zero, with H unipotent. 
Then the pullback 

p* : A}.^ A*a 

is an isomorphism. 

Proof. Let C/ be a G-free open subset of a G-representation with complement of sufficiently high 
codimension and with a G-torsor quotient U U/G. Then 

U/H U/G 



is a Gm-torsor which corresponds to some line bundle L over U/G (Th. 2.3) and by |Grl|, Remark 
p. 4-35, 

A* {U/G) 



A* (U/H) 



ci{L) 



Since A*fj ~ Z, by Proposition (2J), A*q is then generated by ci(L). But the pullback Z[m] ~ v4q ^ 



Aq sends u to ci(L), therefore p* is surjective. Injectivity follows from the hypothesis that is split. 
■ 

Proposition 2.8 // G is an algebraic group over k, then ^g^G k ~ ® ^ ■ 

Proof. Straightforward using (Af +^\ {0} , +^) as a good pair for G^^fc, iV > 0, and 
Example 8.3.7. ■ 

Proposition 2.9 Let G be an algebraic group over k. Lf H is a closed algebraic subgroup of G, then 
there is a canonical isomorphism A*q (G/H) ~ A*jj. 

Proof. Straightforward. ■ 

Proposition 2.10 Let G be an algebraic group over a field k and X a smooth G-scheme. LfUd AJ? 
is an open subscheme with the trivial G-action, the pull-back pr2 : Aq (X) c± Aq (U x X) is an 
isomorphism . 



Proof. Since G acts trivially on [/, we can reduce to the case of trivial G. By pu| , Prop. 1.9, the 
pull back via A^ x X ^ X is surjective and so is by the localization exact sequence (|Fu] Prop. 
1-8). 

If k is infinite then pr2 has always a section so that is injective. If k is finite, let p e [/ be a 
closed point with r = [k{p) : k]. From the commutative diagram 

U xX 
pxX — >X 

and projection formula we get that ker(pr2) is r-torsion. Now observe that we can always find two 
closed points p and p' in U with residue fields of relatively prime degrees r and r' over fc, so that 
ker (prj ) is indeed zero. I 
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Proposition 2.11 Let G,H be algebraic groups having commuting actions on a smooth scheme X 
and suppose G acts freely. Then there is a canonical isomorphism A*jj (X/G) ~ ^cxff (^)- 

Proof. If {U, V) is a good pair for H, with codim (V\U) > i, we have 

A^H {X/G)^A^ (^(ux^^/H 
~ A' (({/ xX)/GxH)^ A};^H (XxU). 



by [ EGl ], Prop. 8. By the locaHzation sequence, 

yl^GxH (XxU)^ A^GxH (X X V) 

for i—codim{V\U) < and we conlude since for any G x i7-representation E, we have a puUback ring 
isomorphism A^^j^ {X) ^ Aq^^^ {X x E). M 

3 Generators for ApQj^^ 

From now on, our base field will be C. 



By Prop. 2.2, we have 

A*paL, ^Q^ ^sL3 ® Q = Q [C2 {E) , C3 (E)] 

{E = standard representation of SL^) and an easy computation shows that C3 (E) is not in the image 
of the subring of ApQj^^ eg) Q generated by the Chern classes of SI3. Therefore the Chern classes of the 
adjoint representation will certainly not sufRce to generate A*pQj^ . 



In this section we find generators of A*pQ^^ (Prop. 3.12) by stratifying the adjoint representation 
sla using Jordan canonical forms. 

Let G be a complex algebraic group. For our purposes a finite G-stratification of a G-scheme X 
will be a collection {Xi\^^^ ^ of disjoint smooth G-invariant subschemes, whose union is X and 
such that for each i the natural immersion 

ji : X, ^ X\\j Xk ^ X' 

k>i 

is closed. In particular, X„ is a closed subscheme of X, each Xi is topologically a locally closed 
subspace of X and all the maps 

Xi = X^ ^ X^ ^ X^ ^ ■ ■ ■ ^ ^X'' ^X 

are open immersions. Any stratification {Xi}^^^ ^ gives then rise to the following exact sequences 
(of graded abelian groups, deg(ji)^ — codimx; (Xi)): 

A*c {X2) A*a (^2) A, (Xi) -> 

A*G (Xa) A*G (X^) ^ A*G (X^) ^ (10) 



Ah (X„) A*a (X = X") ^ A*G = X \ X„) ^ 0. 

Note that if X is smooth, each graded group above is indeed a graded ring. This will be our case. 
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Let 



U ^ {A E sl3\ {0} I A has distinct eigenvalues} C sl3\ {0} , 



Zi,o = {Ae shX |0| I A has Jordan form (0 A | , A e C* 
Zi = Z\ \ U Z\,^ 



^0, 





open 




A 








1 


A 











-2A 


A 











A 











-2A 



■2^0,0 — 
^0 — Zq i U Zo o 












1 











1 














1 


















(note that ZiUZo = sh\{U U {0})). Then 

{[/,Zi,i,Zi.o,Zo,i,^o,o,{0}} (11) 
is a finite PGLs-stratification of SI3. In this case the first associated exact sequence of ( p^ ) is 

ApGLs A*paL, (sl3\(^i,o U Zo U {0})) ^ A*paL, (U) ^ (12) 

where : U ^ s\3\{ZifiUZoU{0}) and : Zi_i ^ sl3\(Zi_oUZoU{0}) are the natural immersions 
(open and closed, respectively). 

To begin with, let us study A*pQ]^^ {U). 

3.1 Generators coming from the open subset U C SI3 

Let T be the maximal torus of PGL3 and r3 ^ Npgl^ {T) — S3 <>< T its normalizer in PGL3. Let 
^3 ^ PGL3 : cr (-^ CT be the obvious inclusion (which identifies permutations with permutation 
matrices). r3 acts on the subscheme Diag*^ C sl3\ {0} of diagonal matrices with distinct eigenvalues, 
through S3 ^ PGL3 

{(T,[t]) • (im5(Ai,A2, A3) ^a-diag (Ai,A2,A3) ■ a^^ 

and we have^: 

Proposition 3.1 The composition of natural maps 

(U) ^ A*r, (U) A*r, {Dtag;,^) 

is a ring isomorphism. 

^This Proposition holds (with the same proof given below) for any PGL„. 
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Proof. Let T act by multiplication on the right of PGL3 and ^'^^ be the corresponding quotient. 
S3 acts on the left of ^'^^ via ct • [5] = [^ct^^] , g G PGL3, and on Diag*^^ as above. If we let PGL^ 
act on Diag*^^ x ^ by left multiplication on ^'^■^ only, there is a PGL3- equivariant isomorphism 

U c (^Dtag:,^ X /S, 
A ^ [A,[g]^]g^ 

where g~^Ag = A (diagonal). 



Since 6*3 acts freely on Diagl^^ x ^^^r^, from Lemma 2.11 , we get 

^*PGLs (U) ^ A*PGLsxs, (Diag*i^ x ^^^^^ 



Now, if is a free open subset of a PGL^ x S'3-representation with complement of sufficiently high 
codimension, we let Fa act on W via the inclusion 

(z, tt) : Fs PGL3 X S3 : (a, [i]) ^ {[t] a, a) 

i being the natural inclusion F3 ^ PGL^. Then the morphisms 

W X Diag;^,^ x i^W X Diag*^,^ 

PGL3 X S3 ^ 

If : [w,A,[g]j.]p^^^^g^> — >[w {g,l),A]^^ 
are mutually inverse and we conclude. H 

Lemma 3.2 // T denotes the maximal torus of PGL3 and is viewed as a suhring of ^^ct ~ 
Z [xi,X2,X3\, then the Weyl group-invariant subring (Al^)^'^ is generated by 

72 = 4 - 3S2 

73 = 2sl - 9siS2 + 27s3 

76 = A = (Xi - X2)'^{xi - X3)'^{X2 - Xs)"^ 

where Si denotes the i-th elementary symmetric function on the Xj 's and A is the discriminant. 

Proof. We have T = Tpgl^ ^ ToLa/Gm, where Tgl3 = {G„if and Gm ^ Tgls diagonally. 
Therefore 

A*j, = S'ymz {t^ C ^Tci., = Sym^ {Tgl^ = Z [xi,X2,X3] 
is the subring of polynomials / (xi,X2,X3) such that 

f {Xi +t,X2 +t,X3+t) ^ f (xi,X2,X3) . 

Then 

(A^,)'^-' = {/ e Z[xi,X2,X3f'^ I f {xi +t,X2 +t,X3+t) = / (xi,a;2,a;3)| = 

= (Z [51,52,53])'"" 

where S3 permutes the x^'s. Now, if for any polynomial / G 7i[xi,X2, X3] we let f^ — f {xi + t,X2 + t, X3 + t), 
we get 



12 



s* = si+3t (13) 
4 = S2 + 2sit + 3i2 (14) 

4 = S3 + S2t + Slt'^ + (15) 

and it is then easy to verify that 72,73 and 7g are indeed in (A^) ^. 

Now, let (f € (Al^)^^ . We first claim that there exists n^p > such that 3^f(p G Z [72,73:76]- By 
definition of 72 and 73, we have 

If 

^' (Sl, 72, 73) = ^'O (72, 73) + Pi (72, 73) Si + • • • + Pm (72, 73) sT 

is in e (Z [i] [si,72,73])'™> using (|l3|) and 7I = 72, 73 = 73, we easily get, by induction on m, 
B = 0, Vi > 1, i.e. 



"1' 




1 


\ inv / 


l' 




3 


<^ 


3 


[si,S2,S3]j = (Z 


3 


[Sl:72,73]^ 



S3 



"1' 




"l" 




= Z 




3 




3 



[72.73] 



as claimed. 



To prove that indeed G Z [72,73,76], use induction on 



Suppose^ 3(p = p (72, 73, 76), for some polynomial p. Expanding p in powers of 7g, we get 

3(y5 = po (72> 73) + Pi (72: 73) 76 H 

and reducing mod 3 

O=po(s?,-s?) +Pi (s?,-s?)76 + --- (mod 3). 
But s\ and 7g = A are algebraically independent (over Z/3), so pi (sf , — .s-J) = (mod 3), Vz, i.e. 



then 

for each i. Thus 



= (mod3) 

P» (72> 73) = (72 - 73) (72> -73) + Sr-i (72: 73) 



3(^ = 3r (72, 73, 76) + (72 - 73) 1 (72> 73> 76) • 
with an obvious notation. Straightforward computations yield 

(7^ - 7I) = -3 (7^ - 976) , 

and the case = 1 is settled. The inductive step follows easily from the fact that we included a 
possible dependence of p from 7g in the above argument. ■ 

Remark 3.1 Note that there is a (non canonical) isomorphism 

T (G,„)' 

so that Afp ~ Z [a;,y], with action of the Weyl group given by 
(12) a; -y, mv = x 

® Note that we allow an explicit dependence of p on 7g ! 
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(123)a;--j/, (123) y a; - y. 



(16) 



Under this isomorphism, with the same notations as in lemma 3.i, we have 



73 = -Q{x + y)xy + 2{x + yf 



76 = (2; + yf a^^y^ - ^x^y 

Moreover, there is an isomorphism of T with Tsls, the maximal torus of SL^ 

T TsL, : [il,t2,t3] t— > it2/t3,t3/ti,ti/t2) 



„3„,3 



(17) 



(18) 



and an induced isomorphism ~ ^Tsl ~ Z [wi, U2, U3] / (mi + M2 + ^3)- The Weyl groups are 
isomorphic to S3 in both cases but the isomorphism above on Chow rings is not S^-equivariant, only 
A^-equivariant. Rather, the action of S3 on A^^^^ inherited from the Weyl group action on Afp via 
this isomorphism, is given by 

(12) Ul = -M2, (12) U2 = -Ml, (12) U3 = -U3 

(123) Ul — U3, (123) U2 = Ml, (123) U3 — ui. 



Corollary 3.3 The canonical morphism h : A^.^ ~^ (A^)^^ is surjective. 

Proof. Let : ^p^^g — > 3 the restriction morphism, E the standard representation of GL3 
and Sym?E be the PGLs-representation: 

[g] ■ {v -1 V2 ■ V3) = (detg^^) {gvi ■ gv2 ■ gvs) . 

It is not difficuh to verify that 

/IO0(C2 (sis)) = -272 

ho(f>{c2{Sym^E)) = -872 



h o (j) [c3 [Sym^ E)) = 73 

/io0(c6(sl3)) = 76 



and the Corollary follows from Lemma 3.2 



2) 



Now consider the subgroup ^3 k T ^ Fs = 6*3 x T; there is a transfer morphism (see (H), Section 



tsf - t^i%^T {Diagt,^;) : A^^^^ {Diag:^^ ^ A*^.^ {Diag:^^) 
and a restriction morphism: 

res = res^^^y {Diag*iJ : A^^ {Diag*^J ^ (^A3xt (^^a^sij))^' 



Lemma 3.4 (transfer-trick) res induces an isomorphism 

3^*3 (^^^5:13) ^ 3 {A*^,^T {Diag:,J) 



C2 



with inverse (—tsf). 
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Proof. By projection formula, tsf o res — 2; so if ^ is 3-torsion, we have tsf o res (^) ~ — ^. On the 
other hand, if C2 = {l,e}, we have res o tsf (77) = rj + rf; so, if rj is C2-invariant and 3-torsion, we have 
res o tsf (77) = —77 and conclude. ■ 

The isomorphism ( p^ of Rmk. 3.1 induces an isomorphism 

and hence an isomorphism 

We will consider the C2-action on ^^., t<Tgr induced by the canonical action on A^^^j, via this 
isomorphism. As already in Rmk. 'iA, we warn the reader that this is not the canonical action 
induced by the inclusion A3 k Tsls ^ Nsls (Tsls)- 

If A\^ = Z [a] /(3a) Q we stih denote by a the image of a in ix^g^^ via the puUback induced by 
the projection A:it><TsL3 ^ ^3- We also recall the isomorphism A^^^ ~ Z [wi, U2, M3] / (ui + U2 + u^). 

Then, if ~ C'^ denotes the ^3 k Tg^g -representation 

(c^, (s)) • fe) = (sia;CT-i(i),S2a;CT-i(2),S3a;<^-i(3)) , (20) 
we have the following basic result 
Proposition 3.5 The ring A^^^j.^^ is generated by 

[a, C2 (W) , c,{W),0 = ts4l'^^'^^ (ulu,)}. 



Proof. Throughout the proof we identify A^ tK T with A3 k Tsl3 (Remark 3.1). A3 k Tsls acts on 
P {W) with a dense orbit U = {X1X2X3) with stabilizer isomorphic to A3 x /Xg. If ^2 : I2 ^ P {W) 
denotes the (closed) orbit of [1, 0, 0] e P {W) and 

Yi=V{W)\UiJY2 ^ P(T4^)\1^2, 

closed 

the orbit of [1, 1,01 G P (W), then {f7, ^1,^2} is a finite ^3 k Tgig -stratification of P (T4^) and the 
exact sequences (|l^) are 

^G„, ^ ^A3><Ts.3 (n) ^A3><T..3 (P (W^) X^'Z) ^ ^^l3KT..3 (t^) =^ ^^3X^3 ^ ^ (21) 

^Ts.3 ^ ^A3XT..3 (^^2) A*^3.Ts.3 (P m) ^ ^A3XTs.3 (P (W^) \^2) - 0. (22) 

where we used Prop. |]^ together with the fact that Yi (resp. Y2, U) has stabilizer isomorphic to Gm 
(resp. rsL3, A3 X /X3). By (@, Th. 3.3 (b)), we have (ci {W) = 0) : 

^A3 xTs.3 (P (W^)) =^ ^A3XTs.3 M / + C2 {W) i + C3 (VF)) 

where l — c\ {0-p[w) (1))- Moreover, the canonical Kiinneth morphism 

AX ® ^^3 ^ Z H / (3a) ® Z [/3] / (3/3) ^ ^^13,^^^ 



is an isomorphism (e.g. |To2 , § 6). It is not difhcult to show that 
(^) - -/3, (a) = a, Ji* {I) = -u 

^We use that ^3 ~ /i3, which is true over any algebraically closed field of characteristic 7^ 3. Note that in characteristic 
3, it is no longer true that j4^^ ~ Z[a] / {3a). 
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(where = ^ bA with the usual abuse of notation, we write £ for i2 {t} and a for its puUback 
to ^AgxTsig (^) \^2))- So we can conclude the analysis of ([2l]), by computing (ji)^ (1) = \Yi]. Yi 
is the zero scheme of the k Ts^g -invariant regular section xiX2X-i £ F (O (3) , P [W] \1^2), hence 
(@, p. 61), [Yi] = U so that ^AskTs^ (P 0^) \^2) is generated by {a,£}. 

Now let us turn our attention to (|2^). It is easy to verify that, with the usual abuse of nota- 
tion, ^2 (a) = a and (^) = so we are left to find generators of A'^^^j,^^ (¥2) ~ ^Tsl 
^A3xT..3(P(W^))-niodule. 

First of all, we have j2* (^) = mi ^ Therefore, by projection formula and the relation U1 + U2 + U3 = 
0, we see that ^Tsi,3 — ^AsKTsig (^2) is generated by 

{l,u^|n>0} (23) 

as an A\^^rp_^^ (P (T^))-modulc. But 

J2* (C2 (VF)) = U1U2 + U2U3 + U3U1 = - (wj + ^2 + U1U2) 

so that, by induction on n, (j2)» (^2), ft > 1, belongs to the submodule generated by (^2)* (1) and 
ih)^ (M2) (e.g. 

(J2), {ul) = ij2)^ U; i-C2 (W))) + (J2), (J2* (-^')) - (J2), (j2* W ' ^2) = 
= -C2 (W^) • (J2), (1) - • (J2), (1) - ^ • (J2), (U2) 

and similarly for higher powers of U2). Thus, the ideal 

^mU2),cA\^^rs,,(Pm) 

is actually generated by (^2), (1) and (^2), ("2). 

Let us first compute (j2)» (1) using a transfer argument (Section 2). Consider the A3 k Tsls- 
equivariant commutative diagram 

Y2^ P (W) X A3 
P{W) 

where 

/t2 ([1, 0,0]) = ([1, 0, 0] , 1) , h2 ([0, 1, 0]) = ([0, 1, 0] , a) , h2 ([0, 0, 1]) = ([0, 0, 1] , a^) 
with a — (123). Using the canonical isomorphism 

^Aa.Ts.g (-PiW) X As) ^ A*T {P{W)) 

we see that 

(J2), (1) = (m), ° ih2)^ (1) = tsf^L^^^^ (P(W^)) ([{[1,0,0]}]) . (24) 



But [1, 0,0] = Z (.T2) nZ (xj), where the section TsLs -semi-invariant ( [pGA3.l[ , Expose 

VIb, p. 406) so that if we consider the Ts^j-equivariant line bundles Li — ^ SpecC associated to the 
representations 

{t) X = tiX, i = 2,3, 

^ Of course this relation depends on the choice of the isomorphism 

Z [ui,U2,U3] / (ui +U1+ us) = ^Tst3 - ^AaKTsLg (^2) 
which in its turn depends essentially on the choice of a point 

pe ^2 = {[1,0,0], [0,1,0], [0,0, 1]}. 

The choice we are making here is p = [1, 0, 0]. 
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we have induced Tsia -invariant regular sections Xi S T {P{W),0 (1) ^ p* (L^)) ^ with, obviously, 
Z (xi) = Z (xi). Then 

[{[1, 0, 0]}] = {i- U2) [l - M3) =i'+ iui + U2U3 (25) 

in A*^^^^ (PiW)). Since £ = res^3^Vsz,3 (^) and the diagram 

is commutative, we have 

tsfp^'^^''' {P{Wj){f) = (26) 
tsi''^fJ;^^{V{W)){lu^) = ^tsfJ;;^^^^M«i)- (27) 

Now we claim tsf^^^^^^^ (ui) — 0, i — 1,2,3. In fact, let tt : ^^31x7-3^ ^3 be the projection 
and p : A3 ^ ^AskTsl right inverse. Since 13 in ( p2| ) is an isomorphism in degree 1 and 
^AskTsls ^'^ \^2) is generated by a and ^, tsf^^^J"^^^ {ui) — niTr*a for some integer n,; (in fact 

res^3xTsi3 ° *^^Tsi3 (wj) = wi + U2 + U3 = 
thus tsf^^^^^^^ {ui) is 3-torsion). Since 

p otst^, = res . o tslT^ =0, 

we get 

riip^iT* (a) — Uia — 

in and the claim follows. 

Since (j^)* (""2) has degree 3, from ( p2[ ) and the computations we have just done (in particular (p^, 
( p6| ) and (p7|)), we know that the ring ^^31x^3^ (P (W)) is generated up to degree 2 (included) 

by 



; a,i,ts{p^'^^'^'''' ("2M3)} 



'TSL 



We will show that: 

CLAIM. ^A3xTsi,3 (P (^)) is generated up to degree 2 (included) by 

{aJ,C2{W)}. 

Proof of Claim . We write 

forany7?GA^3,^3^^ {P{W)). 
Observe that 



I'eS^3KTsi3 ° ^^^TsL^^''^ {U2U3) = U2U3 + U3U1 + U1U2 = C2 (W^)|Ts£ 



'Note that p* [LV) is trivial but not Tg^g-equivariantly trivial. 
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therefore tsf^^^^"^^^ (U2M3) — C2 (T^) = for some 3-torsfon element^ 

Since the group ^AskTsls (^)) generated by 

{a^f, a£, tsi^l"^^""' {U2U3) = C2 (T^) + c} 

we have 

C2 {W) = A (c2 (T4^) +0 + Ba^ + 07^ + Dai. (28) 

Restricting to Tsl^, we get 

C2W|T,,3=^C2(T^)|^,,^+C^2; 

but from 



^T..3 (P(w^)) ^ ^T..3 M / {i' + e'c, (T^)|^^^^ + ec, + C3 (M/)|T,,3) , 

we see that C2 (W^)|Tsi ^^"^ ^'^^ algebraically independent, so we must have A — 1, C = 0. Thus 
( p8| ) yields ^ = Ba^ + Da^ and this concludes the proof of Claim. □ 

So, the other possible generators of A^^^y^^^ (P {W)) in degree > 2 can only come from (^2)* (^2). 
Using the same arguments as in the computation of (^2)* (1) above, we get 

(J2), {U2) = ts4:''J''-' ("2 - "2) (e - U,)) . 

But, since we know that tsf^^^"^^^^ (ui) — Vi, the only new generator is tsf^^^"^^^^ (^2^3). 
To summarize, we have proved so far that ^a3xTsi,3 (^)) generated by 

{a,£,C2(T4^),tsfJ:';^^^ {uju,)}. 

Since 

^A3KT..3/ (C3 (W)) c A*^^^^^^^ iW\ {0}) ^ A\^,T^^^ (P iw))/ie) , 
we conclude that A\_^^rp^^^ is generated by 

{a,C2(W/),C3(iy),tsf^^\"^^^^^ (ujus)}. 

■ 

Recall (M) and the isomorphism 



C2 



from lemma 3.4. If C2 = we denote by the A3 k Ts^a -representation obtained from W 



twisting the action by e. Let us also define the element 

X = {'2ts4lZ'''^ ("'"3) + 3c3 + 4c2 {Wf + 27c3 (wf e A%^^^^^^ (29) 

and denote tsf.^^^"^"^^^ (u^us) simply by 9. 

-"'In fact tsf„^ ores .^^/L = 3. 

-'S-L3 '43X-'SI,3 



18 



Lemma 3.6 (i) In A\_^^rp we have 

3x^3a = ae = a^ + ac2 (W) = 0. 

(ii) The kernel of the restriction map h' : A\^^j, ^AskT i^^'^dsh) ideal (a^). 

(Hi) In A\^^rp, we have 

C2 (W) = C2 (W) , C3 (W) = -C3 (W) , 

0' = e + 3C3 (W^) , x'^X- 

(iv) Let 

be a polynomial in the arguments indicated. Then there exists a polynomial 



q = 



such that q = xq- 
Proof, (i) Since 



(2ts4l^^'^' ("2"3) + 3C3 {W)) '^^^ = A {ui,U2, U3) 



= 



C3(W^)|Tsi,3 = S3 (ui,U2,U3) 

in A^^^ ~ (where A is the discriminant and Si the i-th elementary symmetric function), it is well 
known that ~ 0. Therefore 3x = 0. a is 3-torsion by definition and 

a ■ tsf j,^^^ [U2U3) = 
by projection formula. Finally observe that 

(C2 (M^) - tsfj («1U3))| 

and therefore (Proposition |3.5[ ) there exist A, i? e Z such that 

C2 (W^) - tsf J;"^"^""^ iuiU2) - Aa^ + Bc2 (W) 

is a 3-torsion element in A'^^^rp^^^ . Restricting to Tsl^ we get B = while restricting to A3 we get 
A = —I mod 3. Multiplying by a, we get 

+ ac2 (W) = 

by projection formula. 

(ii) A straightforward computation yields 

C2 {DiagsvJ = -a^ e ^Askt- 
Consider then the two localization sequences: 

(-"^)- 

A*A,^T — ' ^A3kt {Diagsi,) ^ A\ — > A^^^j. {Diags\^\ {0}) ^ (30) 
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At ^ ^A3KT {Z) ^ AX^T {Dzag,,Mm ^ A\^.t {Dzagt,;) ^ (31) 

(where we used the obvious k T-equivariant isomorphism Z ~ A3 x C*); (^^ shows that 6 ker h' 
and the reverse inclusion will be established if we show that the push-forward j* is zero. 
Consider the projectivization P (Diagsi^) ~ of Diagsi^. We have a cartesian diagram 

Z ^ Diag,,,\{Q} 

^ i V 
Z' ^ P{Diag,i^) 
3' 

where 

Z' = {[l,l],[-2,l],[l,-2]}=iA3 

A3 K T-equivariantly. Since 

J* op = TT OJ^ 

and p* is obviously an isomorphism, it is enough to show that 

im if J C ker {tt*) = {£) C (32) 

by the projective bundle theorem. 

To compute j'^ we translate it into a transfer map. Consider the A3 k T-equivariant commutative 
diagram 

Z' ^ A^xPiDiag.iJ 
PiDiagsi^) 



where {a = (123) G A3) 



p([l,l]) = (1,[1,1]) 
p(h2,l]) = (^,[-2,1]) 
p([l,-2]) ^ (^^[l,-2]) 



Since 



^i^KT (^3 X P {Diagsi,)) ~ (P {Diagsi,)) , 

we have 

j: (0 = o (e) = tsf^-^^^ (P (Z?za.g.i3)) (C • [{[1, 1]}]) 

for any ^ G A\^^rp {Z'), where {[1, 1]} is a T- invariant cycle on P (Diagsi^). 

Now, {[1, 1]} is the zero scheme of the T-invariant regular section {xi — X2) G F (P {Diags\^) , O (1)), 
therefore 

[{[1, 1]}] = ci [O (1)) ^£'eA*j. (P (i?zag,i3)) 

and, obviously, 

Tesl^^Ti'PiDiagsi,)){i) = e'. 

By projection formula, we then get 

j: (0 = tsf^^'^^ (P (i?*a5si3)) (^ = ^ tsf^^'""^ iO 

for any ^ G ~ A^^^T i^'), which proves (|^. 

(iii) By Prop. 3.5, there are integers A, B such that 

C2 (VF^) = Aa^ + Bc2 {W) . 
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Restricting this to T, we get B ^ 1 and applying the involution {-Y we obtain A = mod 3. 
Again by Prop. |3.5|, there are integers A, B, C, D such that 



C3 [W") = Aa^ + Bac2 (W) + Ccs (W) + DO 
in A\^^rp. Restricting to T, we get 

Z [■til,W2,M3] 



(C + 1) U1U2U3 + D (1*2^3 + U3U1 + = e A 



Tsi 



3 {U1+U2+U3)' 



but u|m3 + u^ui + u\u2 and U1M2U3 are linearly independent, hence C = —1, 13 = 0. Now apply the 
involution (•)^ to get 

Aa^ + Bac2 (W) = 0. 

Since (Remark 3.1) 

e = -tsfy^,^^ (U1U3) , 

an easy computation yields 

Therefore (Proposition 3.5 and (i) of this Lemma) there exist A,B,C G Z such that 

e-e^ + 3c3 (1^) = Aa^ + Bc3 (W) + C0 

is 3-torsion. Then, restricting to Tsls and observing that C3 {W)^j, and are linearly independent, 
we get B = C = 0; restricting now to A3, we obtain A = mod 3 (since 

r-pQ-^a otsf^''''^^'-^' - 

The C2-invariance of x is a consequence of the transformation rules of C2 (W), C3 (W) and 9. 

(iv) Since q is 3-torsion, we may suppose 2 inverted. We have Qitsl^ ~ ^ because A^^^ is torsion- 
free. It is not difficult to verify that 

(20|Ts.3 +3c3(W^)|T,,3)'+4c2(W^)f^^^^ +27c3(W^)f^,,^ =0. 
Then it is enough to prove that the ideal T of relations between 

{c2(M^)|T..3,C3(W^)|T..3,e|T,,3} 

in Ay^^ [i] is generated by just this one. 

Now, 0|Tsi3 — ~|"^3(^)|Tsi3 + 5*^' where 6 = (ui — U2) (u2 — ^3) (ui — M3), so we have to show 
that 



J = (^5^ + 4c2(M/)f^^^^ + 27c3(W^)fi.,, 
Let p e Z [i] [X, Y, Z] with 

P(C2(W^)1T,.3,C3(W-)1T,,3,'5) =0 

in ^T,.3 [^]- We have 

p (X, y, Z) = po (^, >") + ^J3i (^, >") mod (Z^ + 27^2) . (33) 

If we let C2 = {1, s} act on A^^^ [i] permuting ui and M2, we get 

{c2{W)\Ts,J = C2(W^)|T,,3 
(C3(W^)|T..3)' = C3(I^)|T,,3 

6' = -(5 
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and then 

in ^Tsi [^] (iiote that ui + U2 + is C2-invariant). From ( p3| ) we get 

PO ( C2 (W^)|Ts 1,3, C3(W^) 1X51,3) - Pi (c2(W^)|Tsz,3,C3(W^)|Tsi, 




SO ((5 ^ 0) 



(c2(W^)|Tsx,3,C3(W^)|Tsi,3) =Pl {c2{W)\TsL,^C3{W)\TsL,) 



0. 



But C2(W)|Tsi3 and C3{W)itsl3 algebraically independent, thus po{X,Y) ~ pi{X,Y) = as 
polynomials, as desired. ■ 

Therefore both h' {ac3{W)) and h' (x) can be identified (via lemma 3.4) with their transfers, which 
are elements of sA^,^ (Diag*^^). 

Proposition 3.7 The natural morphism 

f : Af3 (Z?zag:J ^ (A^ {Diag:,jf' = {A*j.f' 
is surjective with kernel {h' (ac3 [W]) , h' (x)), where 

h' ■■ ^A3xT — ^A3kt {Diagl^^) 

is the pullback. 

At., ^ (At (^*<i3) 
Proof. Commutativity of | 

together with lemma |3^ , prove that / is surjective. Moreover h' {ac^ (W)) and h' (x) are 3-torsion 
so ker/ D {h' {acs {W)) , h' (x)) since is torsion-free. So we are left to prove the reverse inclusion. 
CLAIM, ker/ = sA*^, {Dtag:,J ~ 3 {A^^t {Dtag:,jf\ 

Proof of Claim . A^ is torsion-free, so ker / 3 3AP3 [Diag*^^. The pullback tt : A*pQj^^ (^t)'^^ 
factors as 

A*PGL, - APGL3 (C^) ^ ^^3 (Diag;,^) ^ {A^ {DiagX)f' = {A^f' 



and from Prop. 2.3, we get kerTr = ■iA*pQ^^\ so ker (/op) = 3Ap(3^3 and we conclude since p is 
surjective. □ 

Now, let ^ £3 {A\^^rp (^Diag*^^^))^^ . Omitting to write h' {■) everywhere and denoting tsf^^'^"^ (ui'^s) 
by 0, we must have 

C = a-p {C2{W),C3{W)) +x-q {c2iW),C3iW),0) 



for some polynomials p and g, since ^ is 3-torsion (we used Prop. 3.5 and lemma p.q (i), (ii), (iv) ). 
But ^ is also C2-invariant, so if C2 — {1,^} , we have: 

e = -2e = - (C + f ) = a • (p^ - p) + X • (- (9 + q')) 



(lemma 3.6 (iii)). By lemma 3.6 (iii), we have 

a-p' =a-p{c2iW),~C3{W)) 
and we can write a {p — p^) as a polynomial of the form 

ac3iW)-p' (c2(VF),C3(VK)2) 
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for some polynomial p' . Bt the CLAIM above, we conclude that ker/ C (aca (W) , x). I 

Let us summarize the situation so far. We are studying the first step ( |35| ) of the stratification of 
SI3. So we started studying ^p^^g (U). We have an isomorphism A*pQ]^^ ([/) ~ (^Diag*^^) (Prop. 
3.1) and an exact sequence (Prop. 



^ (ac3 (W) ,x) A*r, {Dtag:,J ^ {A*^ {Dzag;,^))'' = {A*^f' 0. 
To be precise, ac^ (W) and x belong to A'^^^rp but we denote by the same symbols the elements 

(tsi%,^{Dtag:,Joh') {ac, (W)) 
(tsi%^p{D^ag:,^)oh') (x) 

in A^^ (Diag*^^), where 

tsf^^KT iD^ag:lJ : A^^^^ (Diag;,^) ^ A^^ {Diag:,J 
is the transfer morphism and 

is the obvious puUback. Moreover, by the proof of lemma |3.3| and with the same notations, the 
elements 

{2c2 (SI3) - C2 {Sym^E) , C3 {Sym'^E) , cg (SI3)} C A*paL, 
project to the three generators (lemma |3.2|) of (A^)^^ through the composition 



If we lift the elements 



(isi%^^{Diagt,^)oh') (ac3(W)), 

(tsf^sKT {Diagl^^) o h'^ (x) G Af^ {Diagl^^) , 
respectively to elements p, x ^pgLs ; surjective puUback 

we find the following 5 generators of A*pQj^^ coming from the open subscheme U C SI3 (through the 
first step (35) of the stratification of SI3) 

{2c2 (SI3) - C2 {Sym^E) , cg (Sym^E) , p, x, cg (SI3)} , (34) 

with deg p ~ 4: and degx = 6. 

In the following subsection we will determine the other generators of ^pg^^ coming from the 
complement sl3\J7, starting from 

3.2 Generators coming from the complement of f/ C SI3 

Consider again the first step of the stratification dO): 



A*PGLs ^PGL3 (sl3\(^i,o U Zo U {0})) ^ A},^^^ (U) ^ (35) 

where (ji,i)^ has degree 1, equal to the codimension of Zi i in SI3. 
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Lemma 3.8 If A £ Zi^i, let g £ PGL3 be such that 

/AO 

g-'Ag = 1 A 
\ -2A 

then, the rule 

A ^ (A, [5]) 

defines a PGL^-equivariant isomorphism Z\,\ A^\{0} x jj^^—, where U2 is the full unipotent 
subgroup of GL2 and PGL^ acts trivially on A^\{0}. 

Proof. Everything is a straightforward verification left to the interested reader. We only note that 
the stabilizer of 



(under the adjoint action of PGL3) is 

[9] I 9 = 

which is obviously isomorphic to U2 x 



A 







1 


A 












a 








P 


a 











7 


■ 







By Corollary EJ, Prop. 2.8, and lemma 2.10, we have 



^PGL3 (^la) ^ ^G,„ = Z M . (36) 

It is not difficult to verify that 

(2c2 (SI3) - C2 [Sym^E)) = , 

where we abused notation writing 2c2 (sis)— C2 [Synr'E^ for its puUbackto ^pg^^ (sl3\(Zi.o U Zq U {0})). 
Moreover 

(ji.i).(l)-[^i.i]=^*([{0}]) = 

where D : sl3\(Zi,oUZoU{0}) is the discriminant; so, by projection formula, the ideal im (ji.i)^ 

is generated by (ji,i), (m). 

Let e^^j be a lift of (ji,i)^ {u) e A^^,^ (sl3\(Zi_o U Zo U {0})) to ^pG^,,. The analysis we made of 
( ^ ) has the following upshot (recall (p^)): A*pQ^,^ (sl3\(Zi^o U Zq U {0})) is generated by (the images 
via A*p^^^ A*p^^^ (sl3\(Zi,o U Zo U {0})) of) ' 

{2c2 (sla) - C2 {Sym^'E) , e^'l, C3 (Sym^E) , p, x, cg (SI3)} . (37) 



Now let us proceed one step further in the analysis of stratification ( |1 1| ) ; the second exact sequence 
of ^) is: 

ApGLs iZi,o) A*paL, {^h\{Zo U {0})) ^ A*paL, {sh\{Z,^o U Zo U {0})) ^ (38) 

where (ji,o), has degree 3, equal to the codimension of Zi^o in SI3. We omit the straightforward proof 
of the following: 
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Lemma 3.9 If A ^ Zi^, let g ^ PGL3 be such that 

/AO 

g-'Ag - A 
\ -2A 

Then, the rule 

A ^ (A, [5]) 

defines a PGL^-equivariant isomorphism Zi^ A^\{0} x ^-^jj^ , where GL2 injects as 

GL2 
1 

and PGLj, acts trivially on A} \ {0}. 

Then, by Prop. and lemma 2.1C| , we have|^ 



A*PGL3 {Zifi) — Agl2 — 2 [Ai, A2] . 
Lemma 3.10 (ji,o)» *s 3-torsion. 

Proof. If ^ G ApGLs (^1,0), let ^ G ^PGLg be ^ lift of (ji,o), (0 "^^^ the surjective puUback 

7^1,0 : A*paL, A*paL, {sh\Zo U {0}) . 
It is enough to prove that ^ is 3-torsion i.e. that 

? £ ker (a|,gl3 (Arf^) > 



since by |EG1|, Prop. 6, the rational puUback 



A*PGL, ® Q ^ {A*Tf' ® Q 



is an isomorphism and A*pQj^^ has only 3-torsion by Cor. 2.4. 
Now, observe that 

(ji,o), (0 e ker (AJ,GL3 (MZo U {0}) ^ ^^,^^3 iMZi,o U U {0})) 
by the obvious localization sequence and therefore 

^ekeT{A*paL,^A*paLAU)): 
by (^5|). To conclude, we note that ApG'i3 — > (A^)'^^ factors as 

m 

Proposition 3.11 The ideal im{ji^Q)^ is generated by 

{(ji,o), (1) , (ji,o), (Ai) , 0-i,o), (A2) , (ji,o), (A^) , (ji,o), (A1A2) , (ji,o), (AiA^) } . 



= Ci (standard representation). 
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Proof. Identifying A},^^^ {Zifl) with A*q^_^ = Z [Ai, A2] via @ and writing (OigLs Ji,0; one can 
easily verify that 

(A = 2c2 (SI3) - C2 (^m^S)) 1^^^ = A? - 3A2 = T2 (40) 
C6(sl3)|Gi, =-A?A^+4A^ = r6. (41) 

Therefore 

A^-T6 + T2A^, (42) 

and if 3 denotes the ideal generated by 

{(ji,o).(l),(ji,o).(Ai),(ji,o),(A2), 
(ji,o).(A^),(ji,o),(AiA2),(ji,o),(AiA2)}, 

we have 

[Jifi), {^2) e 3, Vm > 0, (43) 

by an easy induction on to, using projection formula. 

Now, consider the general monomial A" A™, li n — 2r, we have 

A5'A^ = (T2 + 3A2)''A^ = r^A^' (mod 3) (44) 

and then 

(ji,o).(ArA^)=A'-.(ji,o),(A^"), 
by lemma 3.10 and projection formula; thus 

(ji,o), (Af A™) e J, Vm,r>0, 

by (^3[). If n = 2r + 1, (^J), ( ^2[ ) and projection formula easily reduce the assert 

(ji,o), (Af +iA^") e 3, VTO,r>0 

to the assert 

(ii,o), (AiA^) G a, Vm > 0, 

which is easily proved by induction on m. 

Since the monomials A" A™ generates A*q^_^ as a Z-module, we conclude that 

3 = im(ji,o)» ■ 

■ 

Therefore, if we denote by O^q (respectively, O^^g, bJ^q, 6^*0) a lift of (j'l.o)* (1) (respec- 
twely, of (ji,o), (Ai), (ji,o), (A2)', (ji,o), (A1A2), (ji,o), (A^), (ji,o), (AiAf)) to A*paL^, from (||) and 
( p8[ ) we get that ApQj^ (sl3\(Zo U {0})) is generated by (the images via A*pQ]^ ^pgl (sl3\(-^o U {0})) 
of) 

{2c2 (SI3) - C2 (Sym^E) , 9^% C3 (SyTO^i?) , 6^% 

„ o(4) o(5) ^ 0(6) ^ /„, N c)(7) 0(8) \ ("^^^ 

Let us proceed one step further in the analysis of stratification (pT|); the third exact sequence of 
(|lO|), in our case is: 

ApGL, (Zo.i) A^GL3 (sl3\(^o,o U {0})) ^ A^^Ls i^h\{Z, U {0})) ^ (46) 
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where (jo,i)* has degree 2, equal to the codimension of Zq^i in SI3. Zq^i is a PGLa-orbit with stabiHzer 





f 1 











a 


1 


•) 






u 


a 







('21 

which is unipotent and then, by Prop. |2.6| , we have ^pg^., (^0,1) = Z. If we denote by { a hft of 
(jo,i), (1) = \Zo.i] e ^PGL3 (sl3\(^o.o U {0})) via the surjective puUback 

A*PGL, ^PGLs (Sl3\(^0,0 U {0})) , 

from @) and (||) we get that A*pQj^^ (sl3\(Zo,o U {0})) is generated by (the images via ApQj^^ 
A*PGLs (sl3\(^o,o U {0})) of) 



[2C2 (SI3) - C2 {Synv'E) , 6^% 9^% C3 {Synv'E) , 
We have come to the second-last step of stratification (|ll|) : 



(3) 
0' 



(47) 



ApGL, (^0,0) A*paLs {0}) ^ A*p^^^ (sl3\(Zo,o U {0})) -> (48) 
where (jo.o), has degree 4, equal to the codimension of Zo,o in SI3. Zq.o is a PGLs-orbit with stabilizer 





( 1 











s 


•) 




u 
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which is a split extension of G„i by the full unipotent group U3 C GL3. By Cor. 2.7 we get an 
isomorphism ApQj^.^ (^0,0) — ^g,„ = Z [u]. Since 

jo*o (2c2 (5^3) -C2 (52/™^^)) =7/2^ 

^*PGLs (^0,0) is generated by {(jo,o)* (l),(jo,o), (w)} as an Ap^^^ (sl3\ {0})-module (by projection 

formula) and if we denote by Gq'^q (respectively, Oq^q) ^ hft of (jo,o), (1) (respectively, of (jo,o)» (")) 
to A*pQj^ , we get that ^p^^ (sl3\ {0}) is generated by (the images via A*pQj^ -» ApQj^ (sl3\{0}) 
of) 

{2c2 (SI3) - C2 (Sym^E) , O^'J, G^'J, C3 (SymSi?) , of ^ 

„ o(4) o(4) 0(5) 0(5) ^ 0(6) ^ \ o(7) 0(8) \ 

The last step of (^o|) for stratification (^l]) is immediate because 

A*PGL, (S13\{0})^AJ,GL3/(C8 (SI3)) 



,0' 



(49) 



by self-intersection formula (|Fu], p. 103). 

Therefore we conclude our analysis of the stratification ([ll| ) with the following result: 



Proposition 3.12 Ap^j^ is generated by 



(3) 



{2c2 (SI3) - C2 {Sym^E) , &^^l,&^oi C3 {Sym^E) , 
Pi c'l.O' '='o,o> t^i^O' t^co: X' '='1,0' C6 (SI3) , 'di o, Bi 0, cs (SI3) | , 

where degO'^l — 2, degB^^J = 2, degp = 4, dcgx = 6, degO^™^ — m and degBpo = r. 



(50) 



We will make this result more precise in the following section by getting rid of all the O generators. 
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4 ^pci generated by Chern classes. Elimination of 

some generators 



In this section we first prove that A*pQj^^ is not generated by Chern classes and then that all its 8 
generators are zero. 



Lemma 4.1 Writing H'p^^^ for W (BPGL3, Z) 



we nave: 









^^^GL, =^ Z/3 


HpGLs - 2 




^PGL^ — 2 


HpGL; = 


H'PGL. ^ Z © Z/3 


^^i^GL., = 


^PGL-, — ^ 


■^PGL, - Z/3 


iJ-GL. ^ Z © Z 


-^PGL, = 


HpGL-, — Z 


H'j^GL:. ^ Z/3 


~ Z © Z © Z/3 





(51) 



Proof. It is a routine computation using the Universal Coefficients' Formula for cohomology (e.g. 
PpI ), once one knows the following facts: 



1. iJ*(BPGL3,Q) 



H* (BS'La, Q) = Q [c2 {E) , C3 {E)], E being the standard representation of 



2. H* (BPGLs, Z) has only 3-torsion; 

3. there is a ring isomorphism 

H* (BPGL3, Z/3) ~ Z/3 [y2, ys, 2/12] <E> A (ys, 2/7) / (1/2^3, y2y7, 2/22/8 + 2/32/?) 
where deg yi = i. 
1. follows immediately from the Leray spectral sequence 

HP {BPGL3, (B/X3, Z)) =^ HP+'' (B5i3, Z) ; 



2. is proved in |KY], p. 790 and 3. was computed in |KMS|. ■ 

Theorem 4.2 A*pQ^ is not generated by Chern classes; more precisely, p is not a polynomial in 
Chern classes. 



Proof. We proceed in 4 steps: 

(I) First we show that cl (p) is nonzero in H^iJiPGL^, Z)tors, where cl : A 



PGL 



H*{BPGL3,Z) 



is the cycle class map and p is one of the generators of Ap^,^^ (see Prop. 3.12); 
(II) Then we use a spectral sequence argument to show that 

iin{H^(BPGL3, Z) ^ H^iBSL^, Z)) 
has index at least 9 in H^{BSL-i, Z) ~ Z; 
(III) Next, we use the fact that C2 (sl3)^ 36a2 via 

H^iBPGLs, Z) ~ Z © Z/3 — > H^{BSL3, Z) ~ Z-a2 

to conclude that 

H\BPGL3, Z(3)) ~ Z(3) • C2 (SI3)' © Z/3 • c\{p) 

(where we have written a in place of j, (a), with j, : _ff*(BPGL3,Z) H* {BPGL^^Ti^^^) 
induced by the localization j : Z — > Z(3') and at = Ci (standard repr. of SL^)); 
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(IV) Finally we show that cl(p) G H^{BPGL3,Z) is not in the Chern subring of H*{BPGLs,Z) 
(implying that p itself is not in the Chern subring of ^pg^,)- 

(I) We freely use Remark Recall that p is a lift to ^pc^, of 

with ac3 (W) G s^Asxt- To prove (I) it is then enough to show that 

cl (ac3 (W^))|z,„g-^ 7^ in {Diag:,^,Z) . 

If A^ X fi^ ^ A3 K T, we will get this by showing 

cl (ac3 (M/))|^„^. ^ in if^^,^^ {Dtag:,^,Z) (52) 

(writing again cl (acs (W)) for its the restriction to H^^^iJ,.^)- ^'^^ consider the localization exact 
sequences for cohomology, corresponding to Diagsi^ D Diagsi^ \ {0} D Diag*^^ 

^1x^3 '^^^ ^'3x^3 (^*«5si3, Z) ^ i/l^,^^, (Dzag,i3 x {0} , Z) (53) 

^^;i3 ^ ^^3x^3 (Z, Z) ^ i/l3,^^ {Dtag^i, \ {0} , Z) ^ i/^^,^^^ (^*«5:i3, Z) (54) 

where i : Z ^ {Diagsi^\ {0}) \Diag*i^ ^ £'?agsi3\{0} and we used that Z ~ A3 x C*, A3 x T- 
equivariantly. If C^,^^ (respectively, C^^^^ ^3) denotes the /Xg-representation given by multiplication 
by the character x = exp(i27r/3) (respectively, the Ag-permutation representation), we have W ~ 
Cx,^i3 H Cl^rm.A3 ^3 X /X3-representations. Then, if we let i/*^ = Z [/?] / (3/3), i?^^ = Z [a] / (3a), 
the Chern roots of W are {(3 + a, P — a, f3} and 

cl(ac3 {W)) = {p^ - a^) a/3 e ^^^3x^3- 

Now we claim = in (^J). In fact, consider the puUback E of C^^^^ to Diagsi^X {0} and view £' 
as an A3 x /Xg-equivariant vector bundle on Diagsis\{0}, with ^3 acting trivially on E. Obviously, 
i* (ci (E)) = jS. But we also have (1) — since 

Z = i?-i({0}), 

where 

D : Dza.gsi3\{0} ^ Ai 
(Ai,A2,A3) ^ (Ai-A2)(Ai-A3)(A2-A3) (55) 

is the square root of the discriminant (which is ^3 x /Xg-equivariant!). By projection formula, i, = 
and q is injective. 

So, we are left to show that p (^(^/3^ — a^) a/3) = p (a/3'^) 7^ in (^. Now observe that 

ffi:x^3-K3®^f;3)'" 

by Kiinncth formula, since 

p+q=27l+l 

(either p or g being odd in every summand). So 

^A3XM3 = Z/3(a^a3/3,a2/3^a/?^/3^) 
^l3x;.3 = Z/3(a2,a/3,/32) 
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and ap^ ^ im (-(-a^)) i.e. p ^ 0. 

(II) Consider the Leray spectral sequence 

= HP {BPGLs, m (B/X3, Z)) i?P+« (B5L3, Z) . 

By Lemma O, its (first quadrant) £^2-tcrm[^ is: 
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a' 














a^2/6 


<7 













































a 









ay4 





aye 


^7 


axs, ays 











































Z 








2/3 Z/3 


y4Z/3 





2/6Z 










z 





where from the second row up, the coefficients are in Z/3. 
One of the edge maps is 



(BPGis, Z) = E^'" -» E^'' = (B5i3, Z) ^ H"" (BSL3, Z) 

so we have to show that F^H^ {BSL^, Z) has index at least 9 in 

H^{BSL3,Z) c^Z-al 
First of all, note that d^^) (a) = ±j/3 since 

E^° = F^H^ {BSL3, Z) (BS-La, Z) = 

and both a and 1/3 are 3-torsion; we choose j/a to have the plus sign. Therefore 



H3) 



since ?/| is 3-torsion in (BPGL^, Z) ~ Z, hence is zero. 
Then 

£:f ^ Ef = £:f = - Z/3 

and we have the first 3 factor of the desired index. Finally we have 

d{3) (0^2/4) = 2Q;ya2/4 + a^d(3)(2;4) = 
since ya2/4 € H'^ {BPGL3, Z) = 0; then 

^44 ^, 2/3 



_ 77144 7^44 _ 7714 

^2 - ^3 - -^4 - ^00 



yielding the other 3 factor in the index of F^H^ [BSLs, Z) in H^iBSLs, Z) ~ Z ■ aj. 
(Ill) As already observed, we have C2 (sl3)^ ^ iQa\ via the pull back (use (I)) 

(/) : Z © cl (p) • (Z/3) ~ {BPGL3, Z) — > {BSL3, Z) ~ Z • al- 

whose kernel is 3-torsion; combining this with (II), we get that the image of <f> has exactly index 9. 
Therefore 

(BPGLa,Z(a)) Z(3) • j. (c^ (sla)') © (Z/3) • j. (cl (p)) , 

^■^We write only the parts we'll need. 
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where j, : H*{BPGLs, Z) H*(BPGL^^ ^(3)) the morphism induced by the locahzation j : Z 



Z(3)- 



(IV) By Cor. 4.7, we know that 

(BPGL3, Z/3) ^ (Z/3) • j/l © (Z/3) • ys, 

and that the second generator yg is not in the Chern subring of H* {BPGL3, Z/3). By the Bockstein 
exact sequence, the natural map 

(j(3)). : ff' (BPGia, Z(3)) ^ {BPGL3, Z/3) 

is surjective since (BPGL3,Z(3)) = 0. Therefore there exists an element ^ = aj, ^C2 (sl3)^^ + 

Pj, (cl (p)) e iJ^ (BPGL3, Z(3)) such that (j(3)) (0 — Us- In particular, cl (p) cannot be in the Chern 
subring of i7* (BFGL3,Z). ■ 



Remark 4.1 For a different proof of Theorem which does not depend on Kono-Yagita's results 



on H* (BPGL3, Z/3) (and in fact does not depend on cohomology at all), see the Appendix. 

Lemma 4.3 9^^}, e[,^l, 9^% 9^% 9^;^^, 9^% 9|)% 9^% 9^^^ and Qfl are i-torsion. 

Proof. All the 9's are supported on the complement of U and so they all go to zero via A*pQj^ A^, 



since this map factors through A*pQj^^ ^pgLs (^)- But, by [EG1|, Prop. 6, the rational pullback 



is an isomorphism, so the 9's are torsion and hence 3-torsion by Cor. p.4[ H 

Remark 4.2 Note that cl (x) = since x is torsion while H^^ (BPGL^^Zi) is torsion free by lemma 



4.1 



Lemma 4.4 9^^q and 9[fg are in the kernel of the cycle map cl : ApQj^ H* (BPGL^, Z) 



Proof. By part (I) of the proof of Th. |j, cl (p) generates the 3-torsion of H^{BPGL^,Z) and 
moreover cl (p)|j; 7^ in Hp^j^^ {U, Z), where U C SI3 is the open subscheme of matrices with distinct 

eigenvalues. Since 9^*0 ^^id 9o^q are both 3-torsion in ApQj^^, we must have 

cl(9l^^) = A -clip) 
d{e^^i) = B-c\{p) . 

But 9^^Q and have supports in the complement of [/, so A = S = 0. ■ 

Remark 4.3 Note that also the generator Q\ q can he chosen in such a way that 

cl {Qfl) = 0. 



In fact C8 (SI3) ^0 in H^^{BPGLz, Z) hy \K^] , Lemma 3.18 and 

H^^iBPGL^., Z) ~ Z ® Z © Z/3 



(Lemma. 4-1); therefore 

cl (9g) = Acs (SI3 
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Now observe that 

C8 (sl3)|sl3\ZoU{0} = 

while Qf\ is a lift of (ji^)^ ('^i'^2) where 

31,0 ■■ Zifi ^ sh\Zo U {0} ; 

(s) 

thus we can choose a lift <d\ q such that A = 0. 
Proposition 4.5 The elements 

/e(2) 0(2) o(3) 0(4) 0(4) q(5) 0(5) 0(6) 0(7) 0(8)1 
^"^1,1' "^0,1' ^^l.O' ^^1,0' ^^0,0' "^1,01 "^0,01 "-^1,0' "-^1,0' ^1,0 J 

are all zero in ApQj^^ . 
Proof. We first prove that 

0(2) _ 0(2) _ 0(3) _ 0(4) _ ^(4) _ ^(5) _ o(5) _ 0(7) _ /..x 

Consider the commutative diagram 

A*paL, ^ H* {BPGLs, Z) 
I I 



where the vertical arrows are injective by Theorem 2.1. Wc know that 



o(2) o(2) o(3) p,(4) o(4) o(5) o(5) o(7) 
"-^l.l' "-^0,1' "^1,0' "^1,0' ^^0,0' ^^1,0' ^0,0' ^1,0 



are 3-torsion and zero in cohomology (lemmas 4.3, 4.1 and |4.4|), so (pq) will be proved if we show that 



3d : 3^r3 3H*{BT3,Z) 

is injective up to degree 5 and in degree 7. But, by the usual transfer-trick, the restriction induces 
isomorphisms 

3^J3 ^ isAX^^rf" , 3H* (BFa, Z) ^ {,H* (B (A^ k T) , Z)f^ 
and it will be (more than) enough to show that 

d:AX^T^H* (B(A3Kr),Z) 

is injective up to degree 5 and in degree 7. 

Recall (Prop. |3^ ) that ^^31^,7- is generated by 

{a, C2 {W) ,c3{W),e^ tsip""^ {ujus) } (57) 
where W is the representation defined in ( pO| ) and we identify A^ with 

Atsls ~ ^ ["l'"2,U3]/ (ui +U2 + U3) ; 

moreover (see Lemma [3.6| ), we have 

3a = 0, a9 = 0, + ac2 {W) = 0, (58) 
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{20 + 3c3 {W)f + 4c2 {Wf + 27c3 {Wf 



0. 



For the duration of this proof, we will denote C2 (W) and C3 (W) simply by C2 and C3; moreover, if 
£, € ^^3xT; will write ^ for cl (^). 

As shown in the proof of Th. [4.2|, we have 



(B (A3 X /X3) , Z) ~ {H* (BA3, Z) (B/X3, Z))'" 

and 

^^|A3x;x3 = ^^)\A,.^, ^13 {p' -a') (59) 

where 

i/*(BA3,Z).^, i.*(B;.3,Z) = ^. 

In the following computations we will freely use that the cycle class map respects Chern classes, 
restrictions and transfers and that 

d:A^ — > H* (BT, Z) 

is an isomorphism. 

If ^ G ker d fl A\^^rp, we have 

= Aa and Aa = 

for some A G Z; restricting this to A3 (in cohomology) we then get A = mod 3, hence ^ = 0. 
If ^ G ker d fl A\^^rp^ we have 

C = Aa^ + Bc2, Aa^ + Rc^ = 

for some A,BeZ; restricting to T, we get B — then, restricting to A3, we get A = mod 3. 
Therefore, C = 0. 

If ^ G ker d D A\^ ^j,, we have 

( ^ Aa^ + Bc3 + Ce 
Aa^ + Bc^+Ce ^0 

for some A, B,C ^ Z; restricting to T, we get B = C = since csi^- and 6\t are linearly independent 
H* {BT, Z). Restricting then to A3, we get A = mod 3, hence ^ = 0. 
If C G ker d fl A\^^rp, we have 

^ = Aa"* + Bac3 + Ccj 
Aa" + Bac^ + CcJ^ = 

for some A, S, C G Z; restricting to T, we get C = 0. Restricting then to A3 x ^13, from ( p9| ) we get 
S = A = mod 3, hence ^ = 0. 
If ^ G ker d fl A^^ ^ , we have 

^ = Aa^ + Ba^c-i + CC2C3 

Aa^ + Ba^o^ + CcicJ = 

for some A, S, C G Z; restricting to T, we get C = 0. Restricting then to A3 x /X3, from ( p^ ) we get 
B EE A = mod 3, hence ^ = 0. 

Finally, if ^ G ker d n ^^3^7-, we have 

C = Aa'^ + Ba''c3 + Cc^C3 + Dc\d + £;ac^ 

AS^ + BS'^ci- + CcJ^cJ + Dc^^'e + £:aci2 = 
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for some A, B,C, D, E G Z; restricting to T, we get C = D = since c^^x ^ and {c3\t,(^\t) 
are linearly independent in the domain H* (BT, Z). Restricting then to ^3 x /Xg, from (m) we get 
A = B = E = mods, hence = 0. This concludes the proof of ([5^). 
Now we prove the remaining relations 

ei'^ = e^')> = 0. (60) 

First observe that Q^iq and Q^iq are 3-torsion and zero in cohomology (with Q^i q chosen as in Remark 
4.3). Since they are lifts of elements having supports in the complement of [/ C SI3, their restrictions 
to j4p are in the kernel of 

Af, {Dtag:,^) A*paL^ [U] . 

and in particular: 

®iI\a,kt] C ker (5 : A^^^ A^^j, {Diag:^^) . 



By Lemma 3.6 (ii) and (|57|), (pSj), we must have 

QfLs^T = {Aa^ + Bacs + Cc^ 
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©folAsKT = a^Da^' + Ecl + Fcl + Ga^'ca) 



1,0|A3><T 

for some A, E G Z. Using again (p8|), we get 

= A'a' + Ba'c, 

for some A', B, D' , F, G G Z. Again denoting cl (^) by ^ for ^ e A^g^Tj "^6 have 



= 0S|A3KT=^'"' + ^«'^ 



in iJ* (B (As K T) , Z). Restricting these relations to ylg x /Xg, by (59) we obtain: 

A' = B = mod 3 

D' = F = G = mod 3 

i.e. 

0(6) _ ^(8) _n 

in A\_^^j,. But the restriction map induces an isomorphism 

3^r3 - (s^Asxt)'^' 

and then, we also get 

^i,o|r3 i,o|r3 " 



in Af,^. By Theorem |2J| we finally get (|60D. ■ 

Thus we can summarize the main result obtained so far in the following: 



Theorem 4.6 With the notation of ([5yj, A*pQ]^^ is generated by 

{2c2 (SI3) - C2 (Sym^E) , C3 (Sym^E) , p, x, cg (SI3) , cg (SI3)} (62) 
where degp = 4, degx = 6. 
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Remark 4.4 We point out that 

2c2 (SI3) - C2 {Sym^E) , C3 [Sym^E] , cg (slg) , cg (slg) 

are nonzero (by checking their images in A*gj^^ or in cohomology) and we will show in the next section 
that p 7^ 0. Unfortunately, we do not know whether x is zero or not. 

Note also that the generators p and x, defined originally as lifts from the open subset U (therefore 
not unique a priori^ are indeed uniquely defined since they have degrees < 8 and cg (sis) is the only 
generator coming from the complement ofU. 



5 Other relations and results on the cycle maps 

With the notations estabhshed in the preceding sections we have: 
Proposition 5.1 The following relations hold among the generators of A*pQj^_^: 

3p = 3x = 3c8 (SI3) = 
3 (27c6 (SI3) - C3 [Sym'^Ef - 4A3) = 

p2 = Cg (SI3) . 

Proof. The pullback ip : A*pQj^^ A'^ factors through the composition 

TT : A},aLs - ApGL, (U) ^ A*r, {D^ag:,J - A*^ {D^ag:,f' = {A*^f' , 

and, by definition of x ^-nd p, it (x) — (p) — 0- Since ( ||EGl[ , Prop. 6) the rational pullback (pq is 
an isomorphism, x and p are torsion and then 3-torsion by Cor. 2.4. 

Since sl^ = E ^ — 1, as S'Ls-representations {E being the standard representation), cg (sis) is 
in the kernel of Ap^,^^ ^sLs' 3-torsion (Prop. |2.3| ). 

A long but straightforward computation^^ shows that 

27c6 (SI3) - C3 {Sym^Ey - 4A=^ £ ker {A*pa^^ -> A*^^) 

so that this element is 3-torsion (again by Prop. |2.3| ). 
By definition of p and Lemma we have 

P\A,^T = ac3{W)+Aa^ (63) 

for some A G Z/3. Since 



by Lemma 3^ (ii), p^ belongs to the kernel of 

A*PGL3 — ' ^*PGL3 (U) ^ A^^ {Diagl^,^ 



Therefore, since by Proposition 4.5 all the generators of A*pQj^ coming from the complement of U are 
zero except for cg (SI3), we have 

p2 = Bcs (SI3) (64) 

for some B G Z/3. 



^^The basic fact here is that cs (sla) restricts to minus the discriminant, 4«| -|- 27a^, in ^g^^ = Z [«2,cf3], where 
ai = a (E). 
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Let us determine A and B. Since cs (sl3)|^^ = 0, from ( |63| ) and (|6j), we get A = i.e. 

P|A3xT = ac3(W^). (65) 

Straightforward computations show that 



C8 (s13)m3x^ 



i?* 



C3 ='3(/3'-"') 

Of) Z / (3/3) and then §4 
Z [A, C3 (Sym^E) , p, x, ce (sis) , cs (sla)] 



in A* = ® A* ^ = Z [a] / (3a) Z / (3/3) and then (||) and (||) prove that 5 = 1. 
We define the graded ring 



m 

where 

9^ = (Sp, 3x, 3c8 (SI3) , 3 (27c6 (slg) - C3 (^ym^^)' - 4A3) , „ cg (SI3)) 

and degp = 4, degx = 6. 

This is our candidate for A*pQj^ . What we do know is that the canonical morphism 



TT : R* — > A*pQr 



is surjective (Th. |4.6|). 



Remark 5.1 Note that it is immediately clear that ttq : i?* (g) Q ^ ^pgLs Q is an isomorphism. 
In fact 

^ Q ^ Q[A,C3 {Sym^E),c, (slg)] ^ 
(27c6 (SI3) - C3 {Sym^Ef - 4A3) 

= Q[A,C3 (Sym^E)] . 
Moreover, A i— > 3q!2 anrf C3 (Sym^E) 27a3 

^PGL3 — * ^SL3 = Z [a2, 03] 

which is rationally an isomorphism (Prop. 2.^). We will prove in Proposition \5. 4 (H) that more is 
true: R* and A*pQj^^ are isomorphic after inverting 3. 

We will now establish some properties of the cycle map 

cl :A*paL,^H* {^PGL^,Z) 

and of Totaro's refined cycle map 

cl : A*paL, MU* {BPGL3) ®MU' Z. 



Remark 5.2 In [KYJ Kono and Yagita proved that in the Atiyah-Hirzehruch spectral sequence for 
Brown-Peterson cohomology at the prime 3 ('JHI/) 

£;f = HP (BPGL3,BP'i) ^ BPP+i (BPGL3) 
the Eoo-term is generated as a BP* -module by the top row i.e. by 

im {BP* (BPGLs) H* {BPGL3, Z(3))) . 
As a consequence, the natural map 

cl : MU* (BPGLa) (giMu- Z — > H* (BPGLg, Z) 

is injective. 
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We have the foUowing result[j: 

Proposition 5.2 (i) el and cl are injective after inverting 3; 
(ii) TT is an isomorphism after inverting 3. 

Proof, (i) A*pQj^_^ has only 3-torsion and kercl is torsion (Section 2). Therefore cl — clocl is injective 

after inverting 3 and the same is true for cl. 

(ii) It is enough to prove that for any prime p ^ 3, the compositional 

(Rlip) ^ Upgl3)(,) '-^ ff*(BPGL3,Z(,)) 
is injective. Leray spectral sequence with Z(-p)-coefficients: 

collapses at the £^2-term since H* (B/23,Z(p)) = Z(p'), concentrated in degree zero, thus yielding an 
"edge" isomorphism (coinciding with the puUback): 

(^(p) : H* (BFGL3,Z(p)) 2. H* (B5i3,Z(p)) = Z(p) [a2,a3] . 

Now, consider the commutative diagram 

^C") i i"^'-) (66) 

(^k3)(rt ff*(B5L3,Z(rt) 

and observe that for p ^ 3, 

iR*\p, - ^(.)[^--3(%.n-i^),C,(sl3)] ^ ^^^3^)] . 

(27c6 (SI3) - C3 (52/m3i?)' - 4A3) 

Since, as we already computed, cj) o n (A) = 3q;2, (/) o tt (c3 (^Sym^E)) ~ 27^3, commutativity of ( |66| ) 
concludes the proof. ■ _ 

The stronger result we can prove about cl is the following 

Theorem 5.3 Totaro's refined cycle class map 

cl : A*PGL, MU*iBPGL3) ®mu' Z 
is surjective (and has 3-torsion kernel). 

Proof, kercl is 3-torsion since it is torsion and A*pQ]^^ has only 3-torsion. So we are left to prove 
surjectivity of cl. To do this, we first prove that cl is surjective (thus an isomorphism by Prop. 5.2 
(i)) after inverting 3 and then that cl is surjective when localized at the prime 3. 

c lp(7f is an isomorphism after inverting 3 since H* (BPGL3, Z [i]) is torsion free 
([rol|)[^. So it is enough to prove that clpcLs is surjective when 3 is inverted. Now, in the 
commutative diagram 

A* rn '^''''^-'"3 [3] * rn 

^PGL3 I.3J ^ ^PGLa [31 

^ i ^' I 

Clsi,3[3j 

stronger version of (i) will be proved in Theorem [S-Sj 
denotes localization at the prime p. 
^^We lariefly sketch the argument. Since the differentials in the Atiyah-Hirzebruch spectral sequence 

ppq ^ fjp (^BPGLa, MW) =^ MU''+'' {BPGL3) 

are always torsion, they must be if 3 is inverted since there is only 3-torsion (recall that MU* is torsion- free). Therefore 
-Fj collapses when 3 is inverted. 
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Lp' is an isomorphism since the corresponding Leray spectral sequence 

= iff (BFGL3, HI (B/X3, Z)) =^ (BS-La, Z) 

collapses after inverting 3, and c1sl3 is an isomorphism even without inverting 3. On the other hand, 
Lp is injective because $ : A*pQj^^ — > ^5^^ has 3-torsion kernel and is surjective since 

C2 (sla) 6q;2 

C2 (^ym^S) ^ 15a2 

C3 (^ym^'S) ^ 27a3. 

Therefore clpG^g [^] is an isomorphism too. 

So it remains to prove that the localization at the prime 3 



(clpGL3)^3^ : (^PGL3)(3) — MC/*(BPGi3) ®MC/. Z(3) 

is surjective. By Q, 

M;7*(BPGL3) ®mc/. Z(3) ~ BP*(BPGL3) ®Bp. Z(3) 
where BP* {X) denotes the Brown-Peterson cohomology of X localized at the prime 3 and 

BP* = BP* (pt) = Z(3) [v,,...,Vn,...]^ Z(3) 



(de gvi — —2 (3* — 1)) sends each Vi to zero (see also W|). Kono and Yagita computed BP*(QPGLj,) 
in ]KY| , Th. 4.9, as a i?P*-module; it is a quotient of the following i3P*-module 



pp*Z(3) WM © BP* e pp*Z(3) [[M ys) Z(3) [[^2]] 

and, if 

r : BP*{BPGL3) H* {BPGL3, Z(3)) ^ H* (BPGi3, Z/3) 
(where s is the natural map of generalized cohomology theories and is induced by j : Z(3) — > Z/3), 



r 



has kernel PP<° • BP*{BPGL^) and 



r (?/2^) = 2/2 = C2 (SI3) 

r (ys) = % 
?'(2/r2) = 2/12 = C6 (SI3) , 

2/8 £ -ff^ (BPG-L3, z/3) being the same as in part (IV) of the proof of Th. 4.2. So we only need to 

show that ys is in the image of (clpGLa ) . By part (IV) of the proof of Th. 4.2, ys is in the image 

V / (3) 

of 

J. o (clpGL3)(3) : (^PGL3)(3) ^ (BPGig, Z/3) , 

and this concludes the proof since r has kernel BP^^ ■ BP* {BPGL3). M 

Remark 5.3 We wish to point out th at w e do not know whether kercl is zero or not. Moreover, since 
cl (x) — and cl is injective (Remark 5^), we also have cl (x) = 0. Therefore, if Totaro's conjecture 
was true (i.e cl was an isomorphism) we should have x = 0; hut, again, we are not able to prove 
whether x = or not. 
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6 Appendix. A cohomology-independent proof that A*pQj^ 
not generated by Chern classes 



IS 



Here we give an alternative proof of Theorem 4.2 which is independent of Kono-Mimura-Shimada's 
results on the Z/3-cohomology of BPGL3 and deals only with Chow rings with no reference to 
cohomology. However, for the same reason, the following proof docs not yield any direct information 
on the cycle or refined cycle map. 

The notations are those of the previous sections. 

Proposition 6.1 The representation ring of PGL3 is generated by {sis, Sym^E, Sym^E"^} . 

Proof. The exact sequence 



1 ^ /X3 — > SL3 
induces an exact sequence of character groups 



PGL. 



PGL, 



= T 



T: 



SL3 



Z/3 ^ 



where Tsl^ — Z'^/Z (Z ^ Z'"^ diagonally) and vr : [ni, ^2, ^3] ^ [^^i + n2 + n-^]. Then 



T 



TsL3 



Z [xi,X2,X'i] / {X1X2XZ - 1) 



is the subring generated by monomials Xi^X2^x^^ with ni + ^2 + ria = mod 3. Therefore 



R{PGLs) - {R{T)f' = (Z [f])'^' ^RiSLs) = (z 



TSL 



S3 



Z [si, S2] 



(where Si is the i-th elementary symmetric function on the Xis) is the subring generated by {sj, S1S2, s^}- 
Then to prove the Proposition it is enough to compute SI3, Sym^E and Synn?E'^ in terms of si and 
S2 in R {SL3). 

If E is the standard representation and 1 the trivial one dimensional representation of we 
have 

E — Xi + X2 + X3 ^ Si 
-E^ = X^^ + X2^ + X^^ = X1X2 + X1X3 + X2X'i = 32 

sh = E®E^ -1^ S1S2 - 1; 

so 

Sym^E = si - 2siS2 + 1, Sym^E'^ = ^2 - 2siS2 + 1 

and we conclude. I 

Corollary 6.2 The Chern subring A*^^^ pQj^^ '^f ^*pgl3' generated by Chern classes of representa- 
tions, is generated by {a (sis) ,Cj (S'ym'^i?) } . ^.^q. 



Theorem 6.3 p is not in the Chern subring of A*pQj^ 



Proof. By Prop. 3.1, 

R {PGL3) = Z [s\3,Sym^E, Sym^E''] 

and since SI3 (respectively, Sym^E) is isomorphic to the regular ^3 x /Xg-representation minus the 
trivial one (respectively, plus the trivial one), we have 

Ci (sl3)|A3XM. ='^J {Sym^E) 



|A3X/i3 



= 0, i,j = 1,2,3,4. 



(67) 
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Now recall (Section 3) that p is a lift to ^p^^g of 
where 

is the (surjective) puUback. So, the image of p under the restriction 

is of the form ac^ (W) + ^, for some ^ S ker (-0). 

Now, let us suppose p is in the Chern subring pgl^ ■ (|^) ' have 

ac3 (M^) + e e ker ((^ : ^^3^^, ^ ^^3x^3) • 
From the commutative diagram 

we get 

?A'(ac3(W^)) = 0. 

Therefore, if we show that aca (W^) is not in the kernel of -0', we will have proved that p cannot be in 
the Chern subring of A*pQj^^ . To do this, let us consider the two localization sequence^^ 

^^3X^3 ^^3X;.3 (C*a5sl3) ^ ^^3X^3 (^»«5sl3 ^ {0}) ^ (68) 

^^3 ^ ^^3X^3 (^) ^ ^A3X;X3 (^»a5sl3 ^ {0}) ^ ^^3X^3 (^^afis^) ^ (69) 

where we used that 

Z ~ A3 X C*, 



A3 K T-equivariantly. Since (Section 3), 



as A3 X /Xg-representations (where C^ ^i^ is the /jg-representation of character x — exp(i27r/3) and 
Cperm A3 Ag-permutation representation) , its Chern roots are 

and then 

ac3(VF)|A3XM3 = «')«/^- (70) 



By ( |70[ ) and (pSD, it is enough to prove that j» — 

'1^3X^3 — ^ ^M3 



'^^Here Diag^i^ are the diagonal matrices in SI3 and we identify ^ ~ (>5 with 



Z [a] Z 

(3a) ^ (3/3) ■ 
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Let us consider the pullback E of 0^,^^^ to X = Diaggi^ \ {0} as an A3 x /Xg-equivariant vector 
bundle, with A3 acting trivially on C^^^^^ and A3 x pi^ acting as usual on X (i.e. /ig acting trivially 
and A3 by permutations). We have 

f (ci (ii;))^ci{£)|^3=/3. 

But we also have j* (1) = 0, since 
where 

D : X ^ 

(Ai,A2,A3) ^ (Ai - A2) (Ai - As) (A2 - As) (71) 
is the square root of the discriminant (which is A3 x /lig-equivariant). So j* = and we conclude. ■ 
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